Mass Ladder Operators from Spacetime Conformal Symmetry by Cardoso, Vitor et al.
ar
X
iv
:1
70
6.
07
33
9v
2 
 [h
ep
-th
]  
10
 Ju
l 2
01
7
KOBE-COSMO-17-07
KUNS-2683
Mass Ladder Operators from Spacetime Conformal Symmetry
Vitor Cardoso1,2, Tsuyoshi Houri3,4, Masashi Kimura1
1 CENTRA, Departamento de F´ısica, Instituto Superior Te´cnico,
Universidade de Lisboa, Avenida Rovisco Pais 1, 1049 Lisboa, Portugal
2 Perimeter Institute for Theoretical Physics, 31 Caroline Street North Waterloo, Ontario N2L 2Y5, Canada
3 Department of Physics, Kobe University, 1-1 Rokkodai, Nada, Kobe, Hyogo 657-8501, Japan and
4 Department of Physics, Kyoto University, Kitashirakawa, Kyoto 606-8502, Japan
(Dated: July 11, 2017)
Ladder operators can be useful constructs, allowing for unique insight and intuition. In fact, they
have played a special role in the development of quantum mechanics and field theory. Here, we
introduce a novel type of ladder operators, which map a scalar field onto another massive scalar
field. We construct such operators, in arbitrary dimensions, from closed conformal Killing vector
fields, eigenvectors of the Ricci tensor. As an example, we explicitly construct these objects in anti-de
Sitter spacetime (AdS) and show that they exist for masses above the Breitenlohner-Freedman (BF)
bound. Starting from a regular seed solution of the massive Klein-Gordon equation (KGE), mass
ladder operators in AdS allow one to build a variety of regular solutions with varying boundary
condition at spatial infinity. We also discuss mass ladder operator in the context of spherical
harmonics, and the relation between supersymmetric quantum mechanics and so-called Aretakis
constants in an extremal black hole.
PACS numbers: 04.50.-h,04.70.Bw
I. INTRODUCTION
Exactly solvable systems play a crucial role in under-
standing the physical content of a given theory and on
isolating the main features of certain solutions. Some of
such “golden” systems, like the hydrogen atom in quan-
tum mechanics are well-known cornerstones in mathe-
matics, physics and chemistry. In some cases, it is even
possible to relate families of solutions of a given prob-
lem without a detailed knowledge of any of its solutions.
One such remarkable technique, in the context of the
Schro¨dinger equation, consists in using ladder operators.
These enable one to construct algebraically all, or part
of, the energy eigenvalues and eigenfunctions. However,
finding ladder operators is in general a challenging task,
because their relations to the symmetries of the system
remain unclear – usually, therefore, they are called a dy-
namical symmetry.
Such enterprise is specially relevant within general rel-
ativity or the gauge-gravity approach to field theories.
In such a framework, test fields on curved spacetimes
have been repeatedly studied and found – at least at
linearized level – to inherit the background symmetries;
they are thus helpful in providing a geometric picture
of spacetime. Conversely, some techniques were devel-
oped which make explicit use of spacetime symmetries
to handle these fields. For example, test fields can be
conveniently separated by means of harmonic functions,
on spacetimes which are maximally symmetric or con-
tain a maximally symmetric subspace. We will focus our
attention on the prototypical example of the KGE,
( −m2)Φ = 0 , (1)
where  ≡ gµν∇µ∇ν is the d’Alembertian and m is a
mass parameter.
In this paper, we report that if a background spacetime
has a particular conformal symmetry (whose precise con-
ditions will be stated below), there exists a differential
operator D, called a mass ladder operator, which maps a
solution to the KGE with mass squared m2 into another
solution with different mass squared m2 + δm2, i.e.,
( − (m2 + δm2))DΦ = 0 , (2)
where δm2 is the variation of the mass squared. Hence,
we provide a geometric interpretation to ladder operators
in terms of the symmetry of a background spacetime.
Our formulation can be useful in Riemannian geom-
etry, where the KGE is replaced by the Helmholtz-like
equation, i.e., the eigenvalue equation for the Laplacian,
(∆− λ)Φ = 0 , (3)
where ∆ ≡ gµν∇µ∇ν is the Laplacian and λ is the eigen-
value of the Laplacian. For example, when we consider
the Laplacian on S2, we obtain ladder operators which
change the azimuthal quantum number [1, 2]. The rea-
son why such ladder operators exist on S2 has never been
explained in terms of conformal symmetry. In our formu-
lation, we can explicitly construct the ladder operators
from conformal Killing vectors on S2.
II. MASS LADDER OPERATORS FOR
SCALARS
Conformal symmetry of an n-dimensional spacetime
(M, gµν) is defined by the invariance for a metric gµν
under the conformal transformation gµν → g′µν =
exp(2Q)gµν , where Q is a function on M . The infinitesi-
mal transformation is described by the conformal Killing
2equation
∇µζν +∇νζµ = 2Qgµν, Q = 1
n
∇µζµ , (4)
where ζµ is known as a conformal Killing vector, and Q
is called the associated function. In particular, a confor-
mal Killing vector is said to be closed if it satisfies the
condition ∇[µζν] = 0. Hence, ζµ is a closed conformal
Killing vector (CCKV) if it satisfies the equation
∇µζν = Qgµν , Q = 1
n
∇µζµ . (5)
Using this equation, we obtain the following result:(the
detailed derivation is shown in the next section).
Suppose that an n-dimensional spacetime (M, gµν) ad-
mits a CCKV ζµ satisfying (5). If ζµ is an eigen-
vector of the Ricci tensor with a constant eigenvalue,
Rµνζ
ν = χ(n − 1)ζµ, then there exists a one-parameter
family of mass ladder operators
Dk ≡ Lζ − kQ , (6)
where Lζ denotes the Lie derivative with respect
to ζµ, such that the commutation relation with the
d’Alembertian  ≡ ∇µ∇µ is given by
[, Dk] = χ(2k+n−2)Dk+2Q(+χk(k+n−1)) , (7)
where k is a parameter, and the commutator is considered
as acting on a scalar field.
Since the action of the commutator on a scalar field Φ
leads to
( − (m2 + δm2))DkΦ = Dk−2( −m2)Φ , (8)
together with m2 = −χk(k + n − 1) and δm2 = χ(2k +
n − 2), Dk maps a solution Φ to the KGE with mass
squaredm2 into another solutionDkΦ with mass squared
m2 + δm2 = −χ(k− 1)(k+ n− 2). 1 Thus, Dk are mass
ladder operators which connect massive solutions to the
KGE from the mass squared m2 to m2 + δm2. 2 This
corresponds in terms of k to shifting k to k− 1. It is also
found that D−k−n+2 maps a solution to the KGE into a
solution from the mass squaredm2 = −χ(k−1)(k+n−2)
to m2 + δm2 = −χk(k + n − 1). This corresponds to
shifting k−1 to k.3 Since Dk is surjective (or onto) every
k, all the solutions with mass squared m2 + δm2 can be
1 If Φ is a solution to the KGE with a source term S, i.e., ( −
m2)Φ = S, one has (− (m2 + δm2))DkΦ = Dk−2S.
2 If χ = 0, Dk maps massless solutions to massless ones. In that
case, we have other ladder operators. See Appendix.C for other
constructions of ladder operators.
3 Taking the adjoint of Eq.(8), (see discussion in Ref. [3]), we
obtain D†
k
( − (m2 + δm2))† = ( −m2)†(Dk + 2Q)
† where †
means the adjoint operator. Since −m2 and −(m2+δm2) are
self adjoint operators, we can see that (Dk+2Q)
† = −D−k−n+2
shifts mass from m2 + δm2 to m2.
constructed from the solutions with mass squaredm2 (see
Appendix.B). It should be noted that the operators have
the index k and its value must be chosen appropriately
depending on the mass of a solution to act.
When Dk connects solutions to the KGE with two real
mass squared m2 and m2+ δm2, k is required to be real,
and the following inequalities must be satisfied
χ
4
(n− 1)2 ≤ m2, χ < 0 or m2 ≤ χ
4
(n− 1)2, χ > 0 ,
(9)
where the equality is attained for k = −(n− 1)/2. Thus,
mass ladder operators can exist only when the value of
the mass squared m2 satisfies the above inequalities. We
also notice that for a fixed m2, there are two mass ladder
operators Dk± , where
k± =
1− n±
√
(n− 1)2 − 4m2/χ
2
. (10)
These two operators become a mass raising or mass
lowering operator, depending on the value of the mass
squared m2. For a negative χ, if m2 > χn(n − 2)/4
they correspond to mass raising and lowering operators,
respectively, and otherwise both become mass raising op-
erators. For positive χ, the roles are reversed.
Generally, multiples of the ladder operators can be con-
sidered. Since we have [cf. (8)]
(− (k − s)(k + s− 1))Dk−s · · ·Dk−1DkΦ
= Dk−s−2 · · ·Dk−3Dk−2(− k(k + 1))Φ ,
the multiple operator Dk−s · · ·Dk−1Dk can shift the
mass squared labeled by k to the one by k − s.
Physically important examples are maximally symmet-
ric spacetimes. Actually, we can construct mass lad-
der operators for the KGEs in such spacetimes.4 If we
consider AdSn spacetime with a cosmological constant
Λ = χ(n− 1) < 0, the first inequality in Eq.(9) coincides
with the condition for the mass above BF bound [4, 5].
This means we can define mass ladder operator for the
massive scalar with the mass above BF bound. In dSn
spacetime with a cosmological constant Λ = χ(n−1) > 0,
the second inequality in Eq.(9) is the condition for that
the solution of KGE does not have oscillation solution for
long wave limit (see, e.g., [6]).
III. DERIVATION OF MASS LADDER
OPERATORS
In n ≥ 2 dimensions, one can show the following com-
mutation relation when acting on a scalar
[,Lζ] = 2Q− (n− 2)(∇µQ)∇µ , (11)
4 General spacetimes admitting mass ladder operators are dis-
cussed in Appendix.A.
3where ζµ is a conformal Killing vector satisfying Eq. (4).
If ζµ is a CCKV, it satisfies Eq. (5). Differentiating this
equation, we obtain
∇µQ = 1
1− nRµ
νζν . (12)
Assuming in addition that ζµ is an eigenvector of the
Ricci tensor,
Rµνζ
ν = χ(n− 1)ζµ , (13)
where χ is constant5, we arrive at the condition that the
gradient of the function Q is proportional to ζµ,
∇µQ = −χζµ . (14)
Under this condition, Eq.(11) is
[,Lζ ] = 2Q+ χ(n− 2)Lζ . (15)
Furthermore, since Eq. (14) leads to
Q+ χnQ = 0 , (16)
we obtain
[, Q] = −2χLζ − nχQ . (17)
Given Eqs. (15) and (17), it is easy to calculate the com-
mutation relation between the d’Alembertian and Dk
given by Eq. (6) and then obtain Eq. (7).
Suppose there are more than one ladder operators
Da,k = Lζa − kQa (a = 1, 2, · · · , N) for the KGE with
mass squaredm2 = −χk(k+n−1). Then it would be nat-
ural to compute the commutation relations between them
because one expects that they form a Lie algebra. First,
it is important to see that the commutator of CCKVs ζµa ,
ξµab ≡ [ζa, ζb]µ = ζνa∇νζµb − ζνb∇νζµa , (18)
becomes a Killing vector, which satisfies the Killing equa-
tion ∇µξνab +∇νξµab = 0. Here, we have used the condi-
tion that ζa are eigenvectors of the Ricci tensor. Hence
we have
[Hˆk, Da,k] = χ(2k + n− 2)Da,k + 2QaHˆk (19)
[Hˆk,Lξab ] = 0, (20)
where Hˆk ≡ + χk(k + n− 1). The first relation shows
that, since Qa is a function, Da,k becomes a ladder oper-
ator only for particular scalar fields Φk obeying the equa-
tion HˆkΦk = 0. Since we have Hˆk+1(Da,kΦk) = 0, one
can construct N solutions to the equation Hˆk+1Φk+1 = 0
5 If a spacetime admits two CCKVs ζµ1 and ζ
µ
2 which are respec-
tively eigenvectors of the Ricci tensor with eigenvalues χ1 and χ2,
a linear combination is also CCKV, but it is not an eigenvector
of the Ricci tensor unless χ1 = χ2.
from a single Φk. The second relation shows that the Lie
derivative along the Killing vector ξµab acts on any solu-
tion to the equation HˆkΦ = 0 as symmetry. Since it is
also shown that
−χd(ζaµζµb ) = d(QaQb) , (21)
we find
−χζaµζµb = QaQb + Cab (22)
with a constant Cab. Thus the commutation relations
between the ladder operatorsDa,k and the Killing vectors
ξµab constructed from CCKVs are calculated as
[Da,k, Db,k] = Lξab , (23)
[Da,k,Lξbc ] = CabDc,k − CacDb,k , (24)
[Lξab ,Lξcd ] = CadLξcb − CbdLξca
− CacLξdb + CbcLξda , (25)
which form a Lie algebra. This implies that solutions
to the equation HˆkΦk = 0 become the representation of
this Lie group. As seen later, this is conformal group in
a maximally symmetric spacetime.
IV. MASS LADDER OPERATORS IN ADS
The metric of the n-dimensional anti-de Sitter space-
time (AdSn) in Poincare´ coordinate is
ds2 =
dr2
r2
+ r2
n−2∑
A,B=0
ηABdx
AdxB , (26)
where ηAB = diag[−1, 1, · · · , 1] is the metric on the n−1
dimensional Minkowski spacetime Mn−1, and A,B run
over 0, 1, · · · , n− 2. The massive KGE on this spacetime
is
(r2∂2r + nr∂r + r
−2
Mn−1 −m2)Φ = 0 , (27)
where Mn−1 is d’Alembertian on M
n−1. In the AdSn
spacetime, there are n + 1 CCKVs ζµa which satisfy
∇µζa,ν = Qagµν , where a runs over −1, 0, 1, · · · , n − 1.
Since the Ricci curvature satisfies Rµν = −(n − 1)gµν ,
we have χ = −1, and all the CCKVs are eigenvectors of
the Ricci tensor. Thus, from (6), we obtain n + 1 mass
4ladder operators6
D−1,k = r
2∂r − kr , (28)
DA,k = x
Ar2∂r + r
−1
n−2∑
B=0
ηAB∂B − kxAr , (29)
Dn−1,k = (−1 + r2
n−2∑
A,B=0
ηABx
AxB)∂r + 2r
−1
n−2∑
A=0
xA∂A
−k

r−1 + r n−2∑
A,B=0
ηABx
AxB

 . (30)
Using global coordinates, we can confirm that these mass
ladder operators are regular beyond the Poincare´ horizon.
Hence, a regular solution to the KGE can be mapped
into another regular solution with different mass (see Ap-
pendix.D).
For simplicity, we discuss how the mass ladder opera-
tors act on the solution to the KGE under separation of
variables, Φ = α(xA)Φ˜(r). Then the KGE reduces to
(Mn−1 − L2)α = 0, (31)[
r2
∂2
∂r2
+ nr
∂
∂r
−m2 + L
2
r2
]
Φ˜(r) = 0 , (32)
where L2 is the separation constant. Solving Eq. (32)
around spatial infinity, we obtain the asymptotic behav-
ior of the solution as
Φ˜(r) = r∆+
∑
i=0
c
(i)
+
r2i
+ r−∆−
∑
i=0
c
(i)
−
r2i
, (33)
where ∆± = ±(1 − n ±
√
(n− 1)2 + 4m2)/2 and c(i)± =
(−1)iL2ic(0)±
∏i
j=1((±∆±+n−2j−1)(±∆±−2j)−m2)−1
for i ≥ 1 and c(0)± are constant. The two modes with
the leading terms r∆+ , r−∆− are called non-normalizable
and normalizable modes, respectively. From (10), we can
see ∆± = ±k± for the above ladder operators. Acting
the ladder operators on Φ, a non-normalizable mode is
mapped into a non-normalizable mode, and a normaliz-
able mode is mapped into a normalizable mode unless
m2 or m2 + δm2 is between m2BF and m
2
BF + 1, where
m2BF := −(n− 1)2/4 is the BF bound mass. If the mass
is between the above region then two modes are normal-
izable. Note that the ladder operators do not necessarily
keep the form of separation of variables due to the deriva-
tive with respect to xA.
In particular, Da1,−k−n+2Da2,k maps a solution of
KGE to another solution of the same KGE, we can
obtain variety of solutions from a single seed solution.
Since the ladder operators are regular everywhere, if
6 The map between k = 1 and k = 0 in AdS2 case was partially
discussed in [7].
a seed solution Φ is regular, Da1,−k−n+2Da2,kΦ is also
regular. From the point of view of AdS/CFT corre-
spondence the ratio of the coefficients between normal-
izable and non-normalizable modes is the expectation
value of the operator. If the asymptotic behavior of
Da1,−k−n+2Da2,kΦ is different from Φ, this corresponds
to different physical situation. If we use D−1, we can
show D−1,−k−n+2D−1,kΦ = −L2Φ for a solution with
the separation of variables form Φ = α(xA)Φ˜(r). If we
use other ladder operators, Da1,−k−n+2Da2,kΦ is differ-
ent from Φ.
We comment on massless scalar fields in AdS5 × S5.
The massless KGE in AdS5 × S5 reduces to the effective
massive KGE in AdS5
(AdS5 − Λℓ(ℓ+ 4))Φ = 0, (34)
where ℓ denotes the different Kaluza-Klein modes. The
mass spectrum corresponds to the masses which can be
mapped from massless scalar fields in AdS5 by using the
mass ladder operators. This implies that there is a du-
ality among the zero mode and Kaluza-Klein modes on
massless scalar fields in AdS5 × S5.
V. LADDER OPERATORS IN SPHERE AND
SPHERICAL HARMONICS
By applying our formulation to the 2-dimensional
sphere S2, we obtain three ladder operators
D1,k = cos θ cosφ
∂
∂θ
− sinφ
sin θ
∂
∂φ
+ k sin θ cosφ (35)
D−1,k = cos θ sinφ
∂
∂θ
+
cosφ
sin θ
∂
∂φ
+ k sin θ sinφ (36)
D0,k = sin θ
∂
∂θ
− k cos θ , (37)
where θ and φ are spherical coordinates on S2 in which
the metric is given by ds2S2 = dθ
2+sin2 θdφ2. The ladder
operators map solutions of the eigenvalue equation for the
Laplacian ∆S2 with eigenvalues λ = −k(k + 1),
(∆S2 − λ)Φ = 0 , (38)
into solutions with eigenvalues λ = −k(k − 1). It should
be noted that k is not necessarily integer. If k is an
integer ℓ, spherical harmonics7 Yℓ,m = P
m
ℓ (cos θ)e
imφ are
the eigenfunctions for ∆S2 with λ = −ℓ(ℓ + 1), and the
ladder operators change the quantum number ℓ, while the
usual ladder operators L± constructed from the spherical
symmetry change the quantum number m. Introducing
D±,k = D1,k ± iD−1,k, we can reproduce the relations in
7 The normalized spherical harmonics are given by√
(2ℓ+ 1)/4π
√
(ℓ−m)!/(ℓ +m)!Yℓ,m.
5[1, 2]
D+,ℓYℓ,m = Yℓ−1,m+1 , (39)
D−,ℓYℓ,m = −(ℓ+m)(ℓ+m− 1)Yℓ−1,m−1 , (40)
D0,ℓYℓ,m = −(ℓ+m)Yℓ−1,m , (41)
and
D+,−ℓYℓ−1,m = Yℓ,m+1 , (42)
D−,−ℓYℓ−1,m = −(ℓ−m)(ℓ−m+ 1)Yℓ,m−1 , (43)
D0,−ℓYℓ−1,m = (ℓ−m)Yℓ,m . (44)
These are useful relations to obtain the entire spectrum
of the Laplacian on S2. Their relation to geometry of S2
had never been uncovered; we stress that the conformal
symmetry of S2 is crucial for the existence of such ladder
operators. We should note that we can also apply our
formalism to higher dimensional spheres Sn.
Solutions of (38) which are not spherical harmonics
will have a singular behavior. However, it is possible that
the ladder operator can map such singular solution to a
regular one 8. For example, if we consider Φ = eiφ/ tan θ
which satisfies ∆S2Φ = 0 and is singular at the pole, we
can show D0,−1Φ = Y11.
VI. RELATION WITH SUPERSYMMETRIC
QUANTUM MECHANICS
The concept of ladder operators was developed in the
context of exactly solvable systems in quantum mechan-
ics. One is thus naturally led to inquire whether mass
ladder operators can be framed in this context as well. In
fact, one can obtain shape invariant potentials [8] in su-
persymmetric quantum mechanics from the KGE,9 where
our ladder operators are regarded as supercharges [9]. We
make a conformal transformation g¯µν = Ω
2gµν with an
appropriate conformal factor Ω such that a CCKV ζµ for
gµν is transformed into a Killing vector for g¯µν . Then,
the massive KGE ( − m2)Φ = 0 for gµν is written in
terms of g¯µν as[
∂2λ¯ + ˜− V (λ¯,m2)
]
Φ¯ = 0 , (45)
where Φ¯ = Ω(2−n)/2Φ, ∂λ¯ = ζ
µ∂µ is a Killing vec-
tor and ˜ is the Laplacian (or d’Alembertian) on an
(n − 1)-dimensional space (or spacetime). Thus, with
8 Here, we call a local solution regular if the domain of the solution
can be extended to the whole of S2; otherwise singular, that is,
the domain of the solution cannot be extended to the whole of
S2.
9 In a series of works [19–21], the relation between a quantum
mechanics system with a shape invariant potential and the KGE
in AdS spacetime was shown, and the structure of the hidden
symmetry of them was also discussed.
the separation of variables Φ¯ = ψ(λ¯)Θ(xi), we obtain
the Schro¨dinger equation in one dimension,[−∂2λ¯ + V (λ¯,m2)]ψ = Eψ , (46)
where E is the separation constant. The potential V is
given, up to a constant, by 1/ cos2 λ¯, 1/ cosh2 λ¯ or 1/λ¯2.
These are known as shape invariant potentials in super-
symmetric quantum mechanics, the mass ladder opera-
tors being regarded as supercharges (see Appendix.E for
details).
VII. ARETAKIS CONSTANTS
Mass ladder operators also appear naturally in black
hole physics. In Refs. [10–12], it has been shown that an
extreme Reissner-Nordstro¨m black hole is linearly unsta-
ble. In their analysis, a certain quantity (“Aretakis con-
stant”), conserved only on the horizon, plays an impor-
tant role. We now show that such constants can be con-
structed from our ladder operator, in four-dimensional
extreme Reissner-Nordstro¨m black holes (more details
can be found in Appendix.F).
The near horizon geometry of extreme Reissner-
Nordstro¨m black holes is described by AdS2 × S2, and
massless scalar fields on this spacetime behave as a mas-
sive scalar field on AdS2 with an effective mass m
2 =
ℓ(ℓ + 1) where ℓ is azimuthal quantum number of the
spherical harmonics. Thus, we focus on the KGE on
AdS2 with this mass. The metric of AdS2 in ingoing
Eddington-Finkelstein coordinate is
ds2 = −r2dv2 + 2dvdr. (47)
Take solutions Φ of the KGE, (−m2)Φ = 0, with m2 =
ℓ(ℓ+ 1), (ℓ = 0, 1, · · · ) on this spacetime. Then, one can
show that
∂v∂
ℓ+1
r Φ|r=0 = 0. (48)
Thus, the quantities ∂ℓ+1r Φ|r=0 are constant on the
Poincare´ horizon r = 0. This is the Aretakis constant
in AdS2 [12].
While the quantity ∂ℓ+1r Φ is not constant outside of
r = 0, since AdS2 is maximally symmetric, we may ex-
pect the existence of quantities which are constants on
every out-going null hypersurface. In fact, we can show(
∂v +
r2
2
∂r
)[(vr
2
+ 1
)2(ℓ+1)
∂ℓ+1r Φ
]
= 0 . (49)
Since ∂v + (r
2/2)∂r is an out-going null vector field,
Aℓ ≡
(vr
2
+ 1
)2(ℓ+1)
∂ℓ+1r Φ, (50)
is indeed constant on every out-going null hypersurface,
and Aℓ coincides with the Aretakis constant on r = 0. In
this sense, Aℓ is a generalization of the Aretakis constant.
6In AdS2, the operator Dk changes the mass squared
from k(k+1) into (k−1)k. So, D1D2 · · ·Dℓ−1Dℓ maps a
massive scalar field withm2 = ℓ(ℓ+1) into massless scalar
field. Since we can solve the two dimensional massless
KGE, we can write
D1D2 · · ·Dℓ−1DℓΦ = F (x+) +G(x−), (51)
where we used the double null coordinates (x+, x−).
Thus ∂x−D1D2 · · ·Dℓ−1DℓΦ = G′(x−) is constant on ev-
ery outgoing null hypersurface x− = const. In fact this
coincides with Aℓ up to a function of x
−. Note that
the choice of CCKVs ζ−1, ζ0, ζ1 does not affect this con-
clusion. If we consider Reissner-Nordstro¨m black hole
spacetime without taking near horizon limit, we can still
derive the Aretakis constant on the horizon in a similar
way. Since there is a relation between Aretakis constant
and Newman-Penrose constant [13], the present analy-
sis suggests that Newman-Penrose constant also can be
constructed from our ladder operator.
VIII. DISCUSSION
We developed a mass ladder operator formalism for the
massive KGE and explicitly constructed the operators for
AdSn and S
2. It is possible, and we showed that this hap-
pens on S2, that the ladder operator maps a singular to a
regular solution even if CCKVs and the associated func-
tions are regular. Naturally, in the context of AdS/CFT
correspondence regular solutions are preferred objects.
However, the property above might help in providing a
physical interpretation to singular solutions.
The ladder operators on S2 were originally obtained
by embedding S2 into three dimensional Euclid space E3
[2] or sphere S3 [1]. The harmonic functions on E3 are
known as regular and irregular solid harmonics. Accord-
ing to [2], taking the covariant derivatives of the solid
harmonics along ∂x, ∂y and ∂z , yields differential recur-
rence relations between the solid harmonics with differ-
ent azimuthal and magnetic quantum numbers. By re-
stricting the recurrence relations onto S2, we obtain the
ladder relations for the spherical harmonics. Higuchi [1]
also constructed the symmetric tensor harmonics on Sn
in the reductive construction, where Sn is embedded into
Sn+1. This suggests the existence of the ladder opera-
tors for vector or tensor fields on Sn and also maximally
symmetric spacetimes.
Another interesting direction is to consider higher-
order operators. For symmetry of the Laplace equation
or KGE in a curved spacetime, they have been studied by
many authors [14–17]. While our formulation in this pa-
per focused on first-order mass ladder operators, it would
be of great interest to consider higher-order mass lad-
der operators if there exists a curved spacetime which
admits a crucial higher-order operator not reducible to
first-order operators.
We also showed the relation between these operators
and supersymmetric quantum mechanics potentials hav-
ing shift shape invariance. If we start from generic 1-
dimensional supersymmetric quantum mechanics poten-
tial, we can expect to obtain a class of scalar fields with
potential which has a ladder structure.
As an application, we constructed Aretakis constant
from mass ladder operators on AdS2. If we consider
Reissner-Nordstro¨m spacetimes without taking the near
horizon limit, the Aretakis constant on the horizon can be
derived in a similar way. This suggests the intriguing pos-
sibility of mass ladder operators being useful constructs
also for less symmetric spacetimes, with only approxi-
mate conformal symmetry.
In Minkowski spacetime, the existence of mass ladder
operators (shown in Appendix C) is not surprising, as
there is no scale in the problem other than the mass pa-
rameter in the massive KGE. In curved spacetimes how-
ever, the different hierarchy (as compared to curvature
scale) in the mass of scalar fields is expected to play a
fundamental role. Notwithstanding, if we consider the
curved spacetimes which admit mass ladder operators
(including the maximally symmetric spacetimes), solu-
tions of KGE between different masses are connected.
Furthermore, the map induced by the ladder operator
is surjective (or onto), so all the solutions with mass
squared m2+ δm2 can be constructed from the solutions
with mass squared m2. This suggests that the physical
properties of KGE with different masses, which are con-
nected by the ladder operator, are very similar contrary
to the naive expectation.
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7Appendix A: Explicit metric form admitting a mass
ladder operator
In [18], all canonical forms for metrics admitting a
CCKV, denoted by ζµ, were investigated in arbitrary di-
mensions. In Lorentzian signature, they are classified ac-
cording to whether ζµ is null or not. In the null case, ζµ
becomes a covariantly constant null vector, so that Q = 0
and Rµνζ
ν = 0. Hence, the operator does not become a
ladder operator for the d’Alembertian. In the non-null
case, it is possible to introduce a function λ, called the
potential of ζµ, such that dλ is the 1-form dual to ζµ.
Using the potential as a coordinate, we can choose a lo-
cal coordinate system (xµ) = (λ, xi). Then, a metric in
the case in n dimensions is written as
ds2 = gµνdx
µdxν =
1
f(λ)
dλ2 + f(λ)g˜ij(x)dx
idxj , (A1)
where f(λ) is an arbitrary function and g˜ij is an (n− 1)-
dimensional metric. 10 This metric admits a CCKV11
ζ = f(λ)
∂
∂λ
. (A3)
If we impose the condition (13) for this spacetime, f
takes the form
f(λ) = −χλ2 + c1λ+ c0 , (A4)
where c0 and c1 are constant. With f(λ) given by (A4),
the ladder operator is
Dk = f(λ)∂λ − k
2
f ′(λ) , (A5)
Appendix B: Surjectivity and kernel
We can show that Dk is a surjective (onto) map, i.e.,
for arbitrary solution of ( −m2 − δm2)Φ¯ = 0, we can
find a solution of the equations
DkΦ = Φ¯ (B1)
(−m2)Φ = 0, (B2)
where m2 and δm2 are given by m2 = −χk(k + n −
1),m2+δm2 = −χ(k−1)(k+n−2). The general solution
10 If ζµ is timelike, i.e., f < 0, −g˜ij should be a positive definite
metric so that the metric gµν has [−,+,+, · · · ,+] signature.
11 It is possible to show that, in addition to (A3), the metric (A1)
can admit a CCKV if g˜ij admits a CCKV. Actually, the CCKV
equation ∇µζν = Qgµν for the metric (A1) can be solved by
ζ = −
Q˜
2χ˜
f ′(λ)
√
f(λ)
∂
∂λ
+
1
√
f(λ)
ζ˜i
∂
∂xi
, (A2)
where ζ˜i is a CCKV for g˜ij , ∇˜iζ˜j = Q˜g˜ij . The associated func-
tion Q of ζµ is given by Q = (χ/χ˜)
√
f(λ)Q˜.
of (B1) is
Φ = fk/2
(∫
dλf−1−k/2Φ¯ + P (xi)
)
, (B3)
where P (xi) is arbitrary function of xi. After a straight-
forward calculation, we obtain
(−m2)Φ
= f−1+k/2
[
˜+
k(k + n− 2)
4
(c21 + 4c0χ)
]
P (xi),
where we used Eq.(A4). For P = 0 we recover Eq.(B2),
showing that Dk is a surjective map.
If there exists a non trivial solution of the equation[
˜+ k(k + n− 2)(c21 + 4c0χ)/4
]
P (xi) = 0, such func-
tional degrees of freedom correspond to the kernel of Dk,
i.e., the solutions of both DkΦ = 0 and ( −m2)Φ = 0.
In particular, if c1 = c0 = 0, P = const is a nontrivial
solution, then Φ = Cfk/2 becomes a kernel of Dk.
Appendix C: Another ladder operator for χ = 0,
Q = const. case
The operator Dk relates scalars of different mass if the
eigenvalue of the Ricci tensor χ is not zero. However, for
constant Q a ladder operator can be defined even for χ =
0 case, albeit in a modified way. If Q = c = const., the
conformal Killing equation (4) becomes the homothetic
Killing equation
∇µζν +∇νζµ = 2cgµν . (C1)
The commutation relation (7) with k = 0 is
[,Lζ ] = χ(n− 2)Lζ + 2c. (C2)
If χ is zero, we can define another ladder operator D˜λ :=
eλLζ =
∑∞
j=0(j!)
−1(λLζ )j with a parameter λ, which
satisfies the commutation relation12
[, D˜λ] = (e
2λc − 1)D˜λ. (C3)
Acting on a scalar field Φ, we obtain
D˜λΦ− e2λcD˜λΦ = 0. (C4)
If Φ satisfies a massive KGE, then (C4) becomes
( − e2λcm2)D˜λΦ = 0. (C5)
This shows that D˜λ maps a scalar field with m
2 to that
with e2λcm2. Since the parameter λ is an arbitrary num-
ber, D˜λ can change the mass continuously. Note that
D˜λ cannot change the signature of the mass squared,
but can change the absolute value. In Minkowski space-
time gµν = ηµν , we can explicitly construct the ladder
operator as D˜λ = e
λ(xµ∂µ+ξ
µ∂µ), where ξµ is an arbitrary
Killing vector on ηµν .
12 We can show this relation by using the equation [, (Lζ)
n] =
((2c + Lζ)
n − (Lζ)
n), where n is a positive integer.
8Appendix D: Regularity of ladder operators
To see the regularity of the ladder operator on AdSn
beyond the Poincare´ horizon, introduce global coordi-
nates
r =
cos τ − Ωn−1 sin ρ
cos ρ
, (D1)
t =
sin τ
cos τ − Ωn−1 sin ρ , (D2)
xi =
Ωi sin ρ
cos τ − Ωn−1 sin ρ , (i = 1, 2, · · · , n− 2), (D3)
where Ωi satisfy the relation
∑n−1
i=1 Ω
2
i = 1. In this coor-
dinate system, the metric becomes
ds2 =
1
cos2 ρ
(−dτ2 + dρ2 + sin2 ρ
n−1∑
i=1
dΩ2i ). (D4)
Spatial infinity corresponds to ρ = ±π/2. Note that∑n−1
i=1 dΩ
2
i is the metric of a (n − 2)-dimensional unit
sphere. The associated functions of CCKVs Qa, (a =
−1, 0, 1, . · · · , n− 1) in these coordinates are
Q−1 =
cos τ − Ωn−1 sin ρ
cos ρ
, (D5)
Q0 =
sin τ
cos ρ
, (D6)
Qi =
Ωi sin ρ
cos ρ
, (i = 1, 2, · · · , n− 2) (D7)
Qn−1 =
cos τ +Ωn−1 sin ρ
cos ρ
. (D8)
Thus, Qa is finite except at spatial infinity. Since the
1-form dΩn−1 is regular (except at the sphere’s pole),
the 1-forms dQa are also regular in −π/2 < ρ < π/2.
In AdSn, dQa = ζa,µdx
µ, so CCKVs ζµa and the ladder
operators Da,k are regular in −π/2 < ρ < π/2.
Appendix E: Conformal transformation and
supersymmetric quantum mechanics
Given a CKV ζµ for a metric gµν , we can make a con-
formal transformation g¯µν = Ω
2gµν under which ζ
µ is
a Killing vector. We have already seen that if a space-
time admits a CCKV ζµ, the metric and CCKV have
the forms (A1) and (A3), respectively. Hence, by set-
ting Ω = 1/
√
f , the CCKV ζµ for gµν becomes a Killing
vector for g¯µν . Under this conformal transformation, we
have
(−m2)Φ = Ω(n+2)/2
(
¯− V (λ,m2)
)
Φ¯ , (E1)
where Φ¯ = Ω(2−n)/2Φ and
V (λ,m2) = (16m2f + (n− 2)2(f ′)2 + 4(n− 2)ff ′′)/16 .
(E2)
Hence, massive KGE on gµν , (−m2)Φ = 0 leads to
¯Φ¯− V (λ,m2)Φ¯ = 0 , (E3)
where ¯ is the d’Alembertian on g¯µν . In addition, if we
assume the function f(λ) is given by (A4), the potential
V becomes a quadratic polynomial of λ,
V = s0 + s1λ+ s2λ
2 (E4)
with the coefficients
s0 = c
2
1(n− 2)2/16 + c0(m2 + χ(1− n/2)), (E5)
s1 = c1(m
2 − (n− 2)nχ/4), (E6)
s2 = χ(−4m2 + (n− 2)nχ)/4. (E7)
Furthermore, we introduce the coordinate λ¯ as ∂λ¯ =
ζµ∂µ = f∂λ. Since ¯Φ¯ = f∂λ
[
f∂λΦ¯
]
+ ˜Φ¯, (E3) is
∂2
∂λ¯2
Φ¯ + ˜Φ¯ +
(c21 + 4c0χ)
16χ
×
[
4m2 − n(n− 2)χ
cos2(λ¯
√
−c21 − 4c0χ/2)
+ (n− 2)2χ
]
Φ¯ = 0 (E8)
where ˜ is the d’Alembertian on an (n− 1)-dimensional
spacetime. Imposing [˜, ∂λ¯] = 0 and [˜, Q] = 0, the
separation of variables Φ¯ = ψ(λ¯)Θ(xi) leads to the
Schro¨dinger equation in one dimension
H(m2)ψ ≡
[
− d
2
dz2
+ V (m2, z)
]
ψ = Eψ , (E9)
where we have introduced the coordinate z =
λ¯
√
−(c21 + 4c0χ)/2, in which the potential is given by
V (m2, z) =
m2/χ− n(n− 2)/4
cos2 z
+
(n− 2)2
4
, (E10)
and E is a separation constant. This is known as a shape
invariant potential in supersymmetric quantum mechan-
ics. This form of potential changes to 1/ cosh2 z if the
signature of −c21 − 4c0χ is negative. We have assumed
that either c0 or c1 are non-vanishing. When c0 = c1 = 0,
the potential becomes a quadratic polynomial of 1/λ¯, as
in the problem of the hydrogen atom.
The present conformal transformation transforms the
ladder operator Dk for  into the ladder operator D¯k =
Ω(2−n)/2DkΩ
−(2−n)/2 for ¯. To be explicit, it is written
in the coordinate z as
D¯k =
d
dz
−
(
k − 2− n
2
)
tan z + const. (E11)
In supersymmetric quantum mechanics, the Hamiltonian
H and supercharge Q are related via Q2 = H . In the
present case, this can be realized by setting
H =
(
H(m2) 0
0 H(m2 + δm2)
)
, (E12)
Q =
(
0 −D¯−k−n+2
D¯k 0
)
. (E13)
Thus, our ladder operator corresponds to the supercharge
in supersymmetric quantum mechanics.
9Appendix F: Aretakis constants
1. Mass ladder operators in AdS2
In double null coordinates, AdS2 metric is given by
ds2AdS2 = −
4|Λ|
(x+ − x−)2 dx
+dx− , (F1)
where 1/
√
|Λ| is the AdS radius. Setting Λ = 1, the KGE
(1) is given by
− (x+ − x−)2∂+∂−Φ = m2Φ . (F2)
There are an infinite number of CKVs onAdS2, described
by two copies of the Witt algebras. Since the Witt alge-
bra contains SO(2, 1) subalgebra, there are six CKVs as
generators for the SO(2, 2) = SO(2, 1)× SO(2, 1) subal-
gebra. Three of them are KVs,
ξ−1 = ∂+ + ∂− , (F3)
ξ0 = x
+∂+ + x
−∂− , (F4)
ξ1 = (x
+)2∂+ + (x
−)2∂− , (F5)
and the other ones are CCKVs, which are given by
ζ−1 = ∂+ − ∂− , (F6)
ζ0 = x
+∂+ − x−∂− , (F7)
ζ1 = (x
+)2∂+ − (x−)2∂− . (F8)
Since AdS2 admits three CCKVs, we are able to con-
struct three one-parameter families of mass ladder oper-
ators
D−1,k = ∂+ − ∂− + 2k
x+ − x− , (F9)
D0,k = x
+∂+ − x−∂− + k(x
+ + x−)
x+ − x− , (F10)
D1,k = (x
+)2∂+ − (x−)2∂− + 2kx
+x−
x+ − x− , (F11)
where k is a real parameter. Di,k map a solution to the
KGE on AdS2 with mass squared k(k + 1) into another
solution with mass squared k(k − 1).
It should be emphasized that for any solution satisfying
the BF bound, m2 ≥ −1/4, two operators Di,k± exist for
each i = −1, 0, 1. For a fixed m2, the corresponding two
values for k are given by
k± =
−1±√1 + 4m2
2
. (F12)
Especially in the range 0 ≤ m2, one of the two operators
is a mass raising and the other a mass lowering operator.
If −1/4 ≤ m2 < 0, both become mass raising operators.
If k is a natural number, then m2 is shifted by Di,−k
and Di,k as follows:
· · · Di,k+1⇋
Di,−(k+1)
k(k + 1)
Di,k
⇋
Di,−k
(k − 1)k Di,k−1⇋
Di,−(k−1)
· · · Di,3⇋
Di,−3
6
Di,2
⇋
Di,−2
2
Di,1
⇋
Di,−1
0 (F13)
By acting the mass lowering operators repeatedly on a
massive scalar field of m2 = k(k + 1), we can annihilate
the mass. Hence, we obtain the operator
D
(k)
i1,i2,··· ,ik
= Dik,1 · · ·Di2,k−1Di1,k , (F14)
which map a scalar field with mass k(k+1) into a mass-
less scalar field. By using D
(ℓ)
i1,i2,··· ,iℓ
in Eq.(F14), we
can construct conserved quantities on every out-going
null hypersurface. Since D
(ℓ)
i1,i2,··· ,iℓ
Φℓ satisfies a two di-
mensional massless KGE, we can write D
(ℓ)
i1,i2,··· ,iℓ
Φℓ =
φ+(x
+) +φ−(x
−), where φ±(x
±) are arbitrary functions
of x±, respectively. Taking the derivative w.r.t. x− of
D
(ℓ)
i1,i2,··· ,iℓ
Φℓ, the quantity
∂−D
(ℓ)
i1,i2,··· ,iℓ
Φℓ = ∂−φ−(x
−) (F15)
is constant on out-going null hypersurfaces x+ = const.
2. Aretakis constants in AdS2
In ingoing Eddington-Finkelstein coordinates, AdS2
metric is written in the form
ds2 = −r2dv2 + 2dvdr , (F16)
where the AdS radius has been already taken to be unit.
The Poincare´ horizon is located at r = 0, which is an
out-going null hypersurface. In the present coordinates,
the KGE with m2 = ℓ(ℓ+ 1), (ℓ = 0, 1, · · · ) is given by
2∂v∂rΦℓ + ∂r(r
2∂rΦℓ)− ℓ(ℓ+ 1)Φℓ = 0 . (F17)
From this equation, it follows that
∂v∂
ℓ+1
r Φk
∣∣∣
r=0
= 0 , (F18)
where Φℓ is a solution for m
2 = ℓ(ℓ+ 1). The quantities
Hℓ ≡ ∂ℓ+1r Φℓ|r=0 are known as Aretakis constants [12].
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The quantities ∂ℓ+1r Φℓ are constants on the Poincare´ hori-
zon, but not outside. However, since AdS2 is maximally
symmetric, we expect the existence of quantities which
are constants on every out-going null hypersurface. In
fact, (F18) can extend to the outside of the Poincare´
horizon, and we obtain(
∂v +
r2
2
∂r
)[(vr
2
+ 1
)2(ℓ+1)
∂ℓ+1r Φℓ
]
= 0 . (F19)
Hence, we define the quantity
Aℓ ≡
(vr
2
+ 1
)2(ℓ+1)
∂ℓ+1r Φℓ , (F20)
which coincides with the Aretakis constant Hℓ at the
Poincare´ horizon. Since ∂v+(r
2/2)∂r is an out-going null
vector field, Aℓ is indeed constant on every out-going null
hypersurface. In what follows, we still call these Aretakis
constants. For the metric form (F16), we arrange the
coordinate transformation x+ = v and x− = v + 2/r
and obtain the metric form (F1). Since we have ∂+ =
∂v + (r
2/2)∂r and ∂− = −(r2/2)∂r, (F19) is
∂+Aℓ = 0 , (F21)
which means that Aℓ is a solution to the massless KGE.
In double null coordinates, Eq. (F20) is written as
Aℓ = (x
−)2(ℓ+1)L
(ℓ+1)
− Φℓ, (F22)
where
L
(ℓ+1)
− ≡
1
(x+ − x−)2(ℓ+1)
[
(x+ − x−)2∂−
]ℓ+1
.(F23)
Since there is symmetry between x+ and x−, we can also
define an operator L
(ℓ+1)
+
L
(ℓ+1)
+ ≡
1
(x+ − x−)2(ℓ+1)
[
(x+ − x−)2∂+
]ℓ+1
,(F24)
which can give a conserved quantity L
(ℓ+1)
+ Φℓ on every
ingoing null hypersurface.13
We explicitly checked this quantity is equal to Aℓ up to
some function of x− for ℓ = 0, 1, 2. We should note that
regardless of the choice of ζi, this quantity provides an
13 The ladder operators L
(k)
± can be written in the covariant form
L
(ℓ)
± = K
µ1µ2...µk
(±)
∇µ1∇ν2 · · ·∇µℓ , (F25)
where K
µ1µ2···µℓ
(±)
are conformal Killing-Sta¨kel tensors. In the
double null coordinates (x+, x−), the nonzero components are
given by K++···+
(+)
= 1 and K−−···−
(−)
= 1. Although this fact
might be suggesting that our construction of the ladder opera-
tors can be extended to a wider framework in which higher-rank
conformal Killing-Sta¨kel tensors play an important role, we leave
it as a future problem.
Aretakis constant. We conjecture that ∂−D
(ℓ)
i1,i2,··· ,iℓ
Φℓ is
related to the Aretakis constant via
Aℓ =Wi1,i2,··· ,iℓ(x
−)∂−D
(ℓ)
i1,i2,··· ,iℓ
Φℓ, (F26)
where Wi1,i2,··· ,iℓ(x
−) is a function of x−.
We point out that L
(ℓ+1)
± are related to the mass anni-
hilation operator D
(ℓ)
i1,i2,··· ,iℓ
in Eq.(F14) up to the KGE.
For example, L
(2)
± are written as
L
(2)
± = ±∂±D−1,1 −
1
(x+ − x−)2 (AdS2 − 2)
=
1
x±
{
±∂±D0,1 − x
∓
(x+ − x−)2 (AdS2 − 2)
}
=
1
(x±)2
{
±∂±D1,1 − (x
∓)2
(x+ − x−)2 (AdS2 − 2)
}
,
3. Aretakis constants in an extremal black hole
We now construct the Aretakis constant in an ex-
treme spacetime, with near horizon geometry described
by AdS2 × Sn−2. We focus on a four-dimensional, ex-
treme Reissner-Nordstro¨m geometry with unit mass. In
ingoing Eddington-Finkelstein coordinates, we have
ds2 = −
(
1− 1
ρ
)2
dv2 + 2dvdρ+ ρ2dΩ2,
with dΩ2 = dθ2 + sin2 θdφ2. Introducing r ≡ ρ− 1,
ds2 = −
[
r2 − r3 (r + 2)
r + 1
]
dv2 + 2dvdr + (r + 1)2dΩ2.
The leading term in v, r part is AdS2 whose metric is
ds2AdS2 = −r2dv2+2dvdr. By using spherical harmonics
on S2, the massless KGE on this spacetime is written as
[AdS2 − ℓ(ℓ+ 1) + ∂v + rK] Φ = 0 , (F27)
where K is an operator written in the form
K = f1∂v + f2 + rf3∂r + r
2f4∂
2
r , (F28)
with certain functions f1, f2, f3 and f4 which are reg-
ular on the horizon. In the near horizon limit, i.e.,
v → v/ǫ, r → ǫr and ǫ → 0, the equation describes a
massive scalar on AdS2 with an effective mass ℓ(ℓ+ 1)
[AdS2 − ℓ(ℓ+ 1)] Φ = 0. (F29)
However, when using the ladder operator for this space-
time, we need to discuss the sub-leading terms.
If we write Φ = e−r/2Φ˜, then Eq. (F27) becomes[
AdS2 − ℓ(ℓ+ 1) + rK˜
]
Φ˜ = 0, (F30)
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where K˜ is an operator such that K˜Φ˜ is regular on the
horizon like K in Eq.(F28). Next we introduce the oper-
ator Di,k ≡ Lζi − kQi where ζi are the CCKVs on AdS2
D−1,k = r
2∂r + ∂v − kr ,
D0,k = r(1 + vr)∂r + v∂v − k(1 + vr) ,
D1,k = (v
2r2 + 2vr + 2)∂r + v
2∂v − kv(2 + vr) .
Then we can see that,
[AdS2 − ℓ(ℓ− 1)]Di,kΦ˜ = Di,k−2(AdS2 − ℓ(ℓ+ 1))Φ˜
(F31)
If the RHS of this equation vanishes, we can say that
Di,k acts as a ladder operator. However, since Φ˜ satisfies
Eq.(F30), the RHS of this equation does not vanish. By
using Eq.(F30), the RHS is
RHS = Di,k−2(−rK˜Φ˜). (F32)
If we choose ζ−1 or ζ0 for ζi, the RHS vanishes at r = 0
for regular Φ˜. However, if we choose ζ1 for ζi, the RHS
does not vanish on the horizon because ζ1 contains ∂r
with finite coefficient on the horizon. For this reason,
only D−1,kand D0,k can act as ladder operators.
Similar to the case of pure AdS2, acting the ladder
operator ℓ times, we can show
AdS2(Di1,1Di2,2 · · ·Diℓ,ℓΦ˜)
= Di1,−1Di2,0 · · ·Diℓ,ℓ−2(−rK˜Φ˜). (F33)
If we choose ζ−1 or ζ0 for ζi, RHS vanishes at r = 0 for
regular Φ. This implies
∂rDi1,1Di2,2 · · ·Diℓ,ℓΦ˜
∣∣∣∣
r=0
= const (F34)
on the horizon because AdS2 ∝ ∂v∂r at r = 0. If we de-
fine Aℓ ≡ ∂rDi1,1Di2,2 · · ·Diℓ,ℓ(er/2Φ), Aℓ becomes con-
stant on the horizon.
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